We consider graphene on monolayer WSe2 and the spin-orbit coupling induced by the transitionmetal dichalcogenide substrate for application to spin-active devices. We study quantum dots and graphene quantum rings as tunable spin filters and inverters. We use an atomistic tight-binding model as well as the Dirac equation to determine stationary states confined in quantum dots and rings. Next we solve the spin-transport problem for dots and rings connected to nanoribbon leads. The systems connected to zigzag nanoribbons at low magnetic fields act as spin filters and provide strongly spin polarized current.
I. INTRODUCTION
Graphene [1] has inspired many ideas for applications in electronics and valleytronics and was hoped to be useful in spintronics [2] [3] [4] [5] . However, the spinorbit coupling (SOC) in pristine graphene turns out to be too weak [6] for spintronic applications. SOC in graphene can be enhanced by doping [7, 8] or adsorption [9] [10] [11] [12] [13] [14] [15] [16] [17] of light-element atoms or deposition of heavy ones [18, 19] . However, the adatoms and dopants introduce disorder, enhance the scattering, and limit the carrier mobility. To circumvent this problem, SOC can be proximity-induced in graphene combined with two-dimensional transitionmetal dichalcogenides (TMDCs) as calculated theoretically [20, 21] and shown experimentally [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] . Upon contact the Dirac point of graphene falls within the energy gap of TMDCs, which preserves the linear band structure of graphene at the Fermi level [20, 21] . Moreover, in graphene coupled to TMDCs, the electronic bands acquire a spin texture [32] which can lead to modification of the electron spin, and as a consequence, to spin operations.
Previous proposals for spin-active graphene devices, in particular for spin filters, relied on the ferromagnetic substrates [33] [34] [35] [36] or doping with nonmagnetic atoms [7, 8] like boron, nitride, oxygen, and fluorine. However, the proximity of the metal is problematic for the construction of electronic devices exploiting the graphene transport properties. In this paper we consider the graphene/WSe 2 heterostructure with internal magnetic field due to the spin-orbit coupling instead of the exchange field, and the substrate has a nonmetallic nature. We consider using the graphene/WSe 2 heterostructure to produce spinactive elements. We propose devices built of quantum rings with attached leads that can be used as a spin filter or spin inverter. The spin-orbit (SO) interaction for a graphene/TMDC structure implies a perpendicular component of the effective magnetic field of opposite orientation for both valleys [32] . The perpendicular component introduces spin splitting of energy bands provided that the valley degeneracy is lifted and intervalley scattering is weak. The valley degeneracy is lifted by external magnetic field in closed systems, including quantum rings, dots, and antidots [37] [38] [39] . The lifted valley degeneracy with the valleydependent spin-orbit field leads to the polarization of the spin states. Moreover, the in-plane component of the SO effective magnetic field is considered for the spin inversion. In this work we study a quantum dot and quantum ring as spin-active elements for the spin currents fed by graphene nanoribbons. We calculate the spectrum of an isolated system and the transport properties of an open system. For the transport calculations we consider a ring with semi-infinite leads attached (Fig. 1) .
II. THEORY A. Dirac equation
We focus on the electronic properties near the Dirac point. The low-energy Hamiltonian for graphene on TMDCs is [40] 
with
and the SOC terms
where κ = 1(−1) for the K (K ) valley, σ i are the sublattice Pauli matrices, s i are the spin Pauli matrices, k i are the components of the wave vector with respect to the K or K valley, v F is the Fermi velocity, and a = 0.246 nm is the graphene lattice constant. The H orb term describes freestanding graphene, and H ∆ is the staggered potential induced by the TMDC substrate giving rise to an energy gap. H I describes the intrinsic SOC, H R is the Rashba SOC, and H P IA is the pseudoinversion asymmetry [40] . As shown by Cummings et al. [32] , graphene coupled to a TMDC acquires a spin texture. The effective SO field ω can be described by the Hamiltonian written in the basis of the eigenstates of H orb ,
where θ is the direction of k relative to k x , ω is the spin precession frequency,
) parametrizes the valley Zeeman SOC, and the +(−) sign corresponds to the conductance (valence) band. The ∆ P IA and λ R terms contribute to the effective field in the plane of graphene and are both perpendicular to the k vector, while the λ V Z term gives an out-of-plane component, which is opposite for the K and K valleys.
B. Confined states
For the discussion of the low-energy spectrum of graphene systems we solve the Dirac equation only with the dominant (spin diagonal) terms. In particular, we focus on the intrinsic SOC, which is responsible for the out-of-plane effective field that leads to the spin polarization in the z direction [see Eq. (3)]:
The 2 × 2 Hamiltonian for the valley with the index κ takes the form
where k = −i∇ + e A, with A being the vector potential. We use A = (− 
, where ψ 1 (r) and ψ 2 (r) describe the A and B sublattices, respectively. For a circularly symmetric system, these are also eigenstates of the total angular momentum operator J z = L z + σ z /2; thus one can write the wave function as
where m = 0, ±1, ±2, ... is the total angular momentum quantum number and χ 1 and χ 2 are radial wave functions corresponding to sublattices A and B, respectively. These satisfy the eigenequation
which we solve with the finite-difference method.
C. Tight-binding approximation
For the atomistic modeling, we use the tightbinding Hamiltonian [40] : We use the tight-binding parametrization of Ref. 40 for graphene coupled to WSe 2 . We introduce the magnetic field by the Peierls phase: a general hopping parameter described by
where
Transport calculation
We perform the transport calculations in the tightbinding formalism. The considered system is shown in Fig. 2 . It consists of a quantum ring of inner radius R 1 = 7.3 nm and outer radius R 2 = 25 nm, centered at (x 0 , y 0 ) = (61.5, 25) nm. The quantum ring has two leads attached for the incoming and outgoing electrons. The leads are in the form of narrow ribbons with a zigzag or armchair edge with a width of 17.7 nm, which corresponds to 84 (71) atoms across the zigzag (armchair) ribbon. The edge of the armchair ribbon induces strong intervalley scattering which is absent for the zigzag ribbon. We maintain the same quantum ring orientation but attach the leads at different angles. The zigzag leads are oriented along the x axis, while the armchair leads are oriented along the y axis (see Fig. 2 ). We use the gauge appropriate for each terminal using the approach from Ref. 41 . We take A 0 = (By, 0, 0) and apply the transformation
, with f (x, y) = −xyB, and m(x, y) being a smooth steplike function that is 0 for -5 nm< y <55 nm and 1 elsewhere. For the evaluation of the transmission probability, we use the wave-function-matching (WFM) technique [42] . The spin direction of the mth mode with wave function ψ m is determined by the quantum expectation values of the Pauli matrices ŝ = ψ m |ŝ|ψ m . We label the positive (negative) spin ŝ by s =↑ (↓). The transmission probability from the input lead to mode m with spin direction s in the output lead is
where t mn s,s is the probability amplitude for the transmission from mode n with spin s in the input lead to mode m with spin direction s in the output lead. The summed transmission to spin s is
We evaluate the summed conductance as G = G 0 s T s , with G 0 = e 2 /h. We consider the spinconserving G ss and spin-flipping G ss components,
The schematic of the (a) dot and (b) ring induced by a staggered potential in the hexagonal graphene flake with side length d. In the shaded area the staggered potential is zero, and outside of it the on-site potential is given by Eq. (13) for the dot and (14) for the ring. The dot radius is R2, and the ring inner (outer) radius is R1 (R2).
given respectively by G ss = G 0 n,m |t mn s,s | 2 and
For discussion of the spin filtering we use the spin polarization defined as
For the system filtering out the spin-up (spin-down) electrons this gives P = −1 (P = 1). The transport properties below are discussed within the energy range in which only subbands with opposite spin appear at the Fermi level. The orientation of the spin depends on the type of the ribbon feeding the current to the lead and on the external magnetic field. The ↑ and ↓ in formula (11) and below in the discussion stand for the orthogonal spin eigenstates which depend on the case.
III. RESULTS

A. Effective mass-induced closed quantum ring
As a proof of concept for the spin filtering by quantum dots and rings in external magnetic field, we focus on the low-energy properties of graphene systems with proximity-induced spin-orbit coupling. For this purpose, we calculate the spectrum of Hamiltonian (5) in the continuum approximation for a quantum dot and ring defined by infinite-mass boundary conditions [43] . The considered dot has a radius of R 2 = 25 nm, and the ring has an outer radius R 2 = 25 nm and inner radius R 1 = 7.3 nm.
For comparison, we calculate the tight-binding spectrum of an analogous system presented schematically in Fig. 3 , where the dot or ring is defined by a staggered potential δ(r) that introduces a mass term:
For the confined states we consider only the intrinsic SOC, and the radial potential δ(r) for the dot is
and for the ring it is
with V g = 5 eV. The staggered-potential-defined system, dot or ring is defined in a hexagonal graphene flake with a side length d =30.5 nm (see In the systems confined by the position-dependent mass the intervalley scattering is absent, and the valley degeneracy is lifted by a finite magnetic field. The effective SO magnetic field ω z is activated in Eq. (4), and due to the κ term, it is opposite for both valleys. However, in systems that contain sections of armchair edges, mixing of both valley states occurs, which leads to a reduction of the effective magnetic field and the resulting spin splitting (see the next section). 
B. Closed quantum ring with etched edges
We now turn our attention to etched systems. In order to reduce the numerical cost of the tight-binding calculations, we focus on quantum rings, which have a smaller number of atomic sites than the quantum dots. However, quantum rings and dots will have similar spin-splitting properties, the dots having the advantage of a smaller disorder caused by etching.
Here the simple continuum model with finite-mass confinement does not apply since the edge contains short zigzag and armchair sections. Due to the zigzag edge, states close to zero energy can occur, in comparison with the results with infinite-mass boundary conditions, which generate no zero-energy states. The ring has inner radius R 1 = 7.3 nm and outer radius R 2 = 25 nm. In Fig. 5 we present the spectra of the ring as a function of magnetic flux through one carbon hexagon φ/φ 0 (with φ 0 = h/e and φ = 3 √ 3a Figure 6 shows the low-energy zoom of the spectra.
The spectrum is different from the one obtained with the finite-mass confinement. We note that in contrast to the finite-mass quantum dots and rings [Figs. 4 (a) and 4(c)], for low magnetic field the spectrum of the etched system contains energy levels close to zero (Fig. 5) . Such states were shown in Ref. 38 to be localized in the zigzag segments of the quantum dot edges. The staggered potential produces armchair and zigzag boundaries, but they do not act as a physical edge and do not support the zero-energy levels. Moreover, it was shown in Ref. 38 that the spectrum in the etched systems strongly depends on the details of the edge structure, whereas in the finite-mass-induced systems it is less sensitive to the imperfections of the circular shape.
For high energies the spectra in the ring of suspended graphene and graphene on WSe 2 are very close to each other. The spectrum has two series of periodic levels, with energies decreasing (growing) with magnetic field, which correspond to the states associated with a clockwise (anticlockwise) current in the ring and are localized near the outer (inner) edge of the ring [44, 45] and having angular momentum parallel (antiparallel) to the external magnetic field [45, 46] . In both series of states the spin is parallel to the z direction.The width of those states is of the order of 10 nm at φ = 0.0008φ 0 and decreases with growing magnetic field. For low energy (below approximately 0.01 eV) the spectra start to differ. Various effects can be seen that result from different SOC terms: λ
A,B I
causes the spin polarization out of plane, and splits the levels of opposite spin in energy. On the other hand, due to the terms dependent on λ R and λ A,B P IA an in-plane spin component arises. This is especially pronounced at low energy. Figure 6 shows the low-energy zoom of the spectrum in Fig. 5 . The eigenstates have spin predominantly in the z direction [ Fig. 6 (a) ], with the exception of the states with energy weakly dependent on the magnetic field close to the Dirac point. In the former case the spin is in the x − y plane [ Fig. 6(b) ], which suggests that those states are governed by the Rashba-like SOC terms. These states are mostly localized on the segments of the ring that contain the Klein edge [47, 48] .
The states that carry clockwise or anticlockwise current, also for low energy, have spin almost perfectly polarized in the z direction. The opposite spin levels are split in energy due to the λ V Z term in Eq. (4). The splitting of the order of 1.14 meV can be seen in Fig. 6 , as highlighted by the black arrow, lower than the maximum of 2.38 meV because the ring contains short armchair segments which lead to intervalley scattering and, as a consequence, to partial cancellation of the energy splittings of the two valleys.
C.
Magnetotransport of the quantum ring
Zeeman splitting neglected
In this section we present the results of the transport in a quantum ring the same size as in the previous section with the leads attached. The spin transport depends on the properties of the ring and the leads. From formula (4) it is evident that the z component of the SOC field is opposite for the two valleys. It affects the spin direction depending on the edge type of the graphene system. An armchair edge leads to the intervalley scattering, whereas for a zigzag edge the valleys are well defined [49, 50] . Figures 7  and 8 show band structures of zigzag and armchair nanoribbons of graphene on WSe 2 , respectively. For the zigzag nanoribbon (Fig. 7) in the dispersion relation the K and K valleys are around k x = ±2π/3a. The bands have spin aligned almost perfectly in the z direction [Figs. 7(a) and 7(b)], with the spin direction in the lowest subband being opposite for the two valleys [ Fig. 7(c) ]. This is still the case in finite external magnetic field [ Fig. 7(d)] .
The armchair edge, on the other hand, mixes valleys, and in zero external field the contributions of the spin field for the K and K valleys cancel out. Thus the spin is polarized in the nanoribbon plane (Fig. 8) , perpendicular to the direction of motion. In Figs The spin inversion is highest close to the Dirac point and corresponds to the ring eigenstates that have spin aligned in the graphene plane [see Fig. 6(b) ]. This is most pronounced in the system with zigzag leads in which the transport gap is smaller and the transport is mediated by the lowest-lying states with spin almost entirely in the plane [see Fig. 10(a) for the lowenergy zoom]. The incoming states have out-of-plane spin and can flip via those states with the in-plane spin. The spin inversion probability for higher energy is generally low [see Fig. 9 inner edge of the ring [46] . Such states have a long lifetime, and the electrons remain a long time in the system, taking many turns around the ring [46] . The SO in-plane effective magnetic field for the long-living resonances eventually leads to the spin flips of the Fermi level electron. On the other hand, the resonances that circulate close to the outer edge of the ring have a short lifetime because the magnetic field steers the current out of the ring to the right lead. The cumulated phase is not large enough for the spin flip to occur. In addition to the spin flip, we expect that the system can be used for spin filtering. In Fig. 10(c) the low-energy zoom of the spin polarization in a quantum ring with zigzag leads is shown. At energy below approximately 1.7meV the modes carrying spinup states are almost entirely blocked. This is the result of the lack, in this low energy range, of spin-up states supporting clockwise or anticlockwise current. The system exhibits a range of magnetic field in which the current is spin polarized. The energy window of P ≈ −1 is indicated by the black arrow in Fig. 10(c) .
On the other hand, for armchair leads the filtering is more challenging because the armchair lead acquires an energy gap that at high magnetic field saturates at about 3 meV [see above the onset of the ring spin-up levels that carry current around the ring. In Fig. 10 (d) the low-energy zoom of the spin polarization in a quantum ring with armchair leads is shown. In high magnetic field, the spin subband splitting is only about 0.7 meV. The spin polarization is shown with only a narrow range of P ≈ −1. The system with armchair leads would require a more accurate tuning of the parameters for the spin filtering.
In Figs. 10(a) and 10(b) the zoomed spin-flip probability is shown. The transition probability between modes with opposite spin directions is highest close to the narrow resonant states, especially for the zigzag leads [ Fig. 10(a) ]; however, obtaining such a high inversion probability would require fine tuning of the back-gate potential and magnetic field. On the other hand, the energy range where the spin filtering occurs is much broader. Therefore we conclude that the quantum rings are more suitable for spin filtering than for spin inversion.
Transport with the Zeeman effect
So far we have considered the transport without Zeeman splitting in order to understand the pure effect of SOC. For completeness, we study the influence of the Zeeman effect on the transport properties of the considered systems. For magnetic field used in experiment, in the range of a few teslas, the Zeeman splitting is of the order 2 × 1 2 gµ B B = 0.06 − 0.6 meV for B = 1 − 10 T, with µ B being the Bohr magneton, and g = 2. This is small compared to the maximum SOC-induced splitting of around 2.4 meV for graphene contacted with WSe 2 , but both effects add up, and the splitting can reach, for example, 3 meV for B = 10 T. The Zeeman splitting influences the spin inversion characteristics, as we present below. Figure 11 shows the summed conductance and the spin-flipping components of conductance as a function of the Fermi energy of the incident electrons and the external magnetic field. In the system with zigzag leads a vertical strip of higher spin flip emerges [ Fig. 11(c) ]. This is when the Zeeman energy coincides with the opposite-spin subbands and the subbands have spin in the plane (see Fig. 12 ) around the value φ = 0.00025φ 0 . Second, the spin flip in the clockwise-current resonances disappear because the Zeeman splitting separates the resonant states for both spins. Without the overlap of these states no spin transfer can occur. Along the ring an effective SO field occurs, shown schematically in the inset of Fig. 9(a) . In high magnetic field the spin of the incoming electrons from both types of leads is oriented more in the z direction, close to the precession axis [see the inset of Figs. 11(a) and 11(b)]; therefore no spin-flip occurs. For zigzag ribbons [Figs. 11(a) and 11(c)] the effective magnetic field due to the SOC superposes with the Zeeman effect. For the armchair ribbons the incident spins at low magnetic field are deflected to the in-plane orientation by the Rashba and PIA SOC [see the inset of Fig. 11(b) ], and the variation of the spin within the ring appears via precession in the effective intrinsic SO magnetic field oriented in the z direction, which is missing in the leads due to the intervalley scattering. At higher magnetic field the spin-flipping transport disappears when the Zeeman interaction dominates over the effective SO interaction. 
IV. SUMMARY AND CONCLUSIONS
We considered the application of a graphene-TMDC heterostructure for building spin-active elements. We studied the properties of quantum rings produced by graphene in contact with WSe 2 . The induced valley Zeeman SO coupling leads to energy splitting of the ring levels of opposite spin. In magnetic field the system has spin-filtering properties when tuned to the Fermi energy between the split levels. For this purpose the zigzag leads are especially promising because the zigzag edge does not mix the K and K valleys. ) show the scheme of the spin precession around the effective magnetic field. The green arrow represents the spin, and the orange arrow indicates the precession axis, which in the rest frame of the electron traverses a circular path around the ring. The black circle with an arrowhead is the momentary precession. The angles between the arrows are exaggerated. Quantum rings can also be used as a spin-inverting element for building a spin transistor; however, for the complete spin inversion high precision of the electron energy or external magnetic field would be required.
